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Abstract
Let P,Q be two idempotents on a Hilbert space. Z.V. Kovarik (Z.V. Kovarik, Similarity and interpolation
between projectors, Acta Sci. Math. (Szeged) 39 (1977) 341–351) showed that when P +Q−I is invertible,
the formula K(P,Q) = P(P + Q− I )−2Q gives the only idempotent such thatR(K) =R(P ), N (K) =
N (Q), where N (T ) and R(T ) denote the nullspace and the range of a bounded linear operator T on a
Hilbert space, respectively. This formula was later extended to the context of Banach algebras and used
in 1983 by J. Esterle to show that two homotopic idempotents may always be connected by a polynomial
idempotent valued path. In the present paper, we give a simplification of Kovarik’s original formula and one
natural generalization of it.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction and notation
LetA be a Banach algebra with unit I . By P(A) we denote the set of idempotents inA, that is,
P(A) = {P ∈A; P 2 = P }.
Let P,Q ∈ P(A). If P +Q− I is invertible, then the formula
K(P,Q) := P(P +Q− I )−2Q (1)
defines an idempotent in A [3,6,7]. We shall call it the Kovarik formula.
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tivity between idempotents (see [1,3–6]). Particularly, in [3], mainly using Kovarik formula,
J. Esterle has proved that two homotopic idempotents may always be connected by a polynomial
idempotent-valued path. Other interesting applications of the Kovarik formula were obtained by
J. Giol in [5,6]. In the present paper, a simpler version of the Kovarik formula in a Banach alge-
bra is given, and the authors believe that it can simplify the proofs of the papers [5,6]. We also
show that, in general, K(P,Q) is not equal to P(P + Q − 1)−nQ for n > 2. These properties
are discussed in detail in the case of B(H), the algebra of bounded linear operators on a Hilbert
space H .
2. Main results
We shall assume throughout the whole paper thatA is a Banach algebra with unit I . The letters
P and Q will always stand for idempotents in A, i.e. elements P,Q ∈A such that P 2 = P and
Q2 = Q.
We will denote by B(X) the set of all bounded linear operators on a Banach space X. Through-
out this paper, N(T ) and R(T ) will denote the nullspace and the range of T ∈ B(X). If H is a
Hilbert space, an idempotent P ∈ B(H) will be called an orthogonal projection if P 2 = P = P ∗,
where P ∗ is the adjoint of P . The notation U ⊕ V will denote the orthogonal sum of two closed
orthogonal subspaces U and V of a Hilbert space H .
Lemma 2.1. [6] The following conditions are equivalent:
(i) PA= QA (respectively AP =AQ);
(ii) PQ = Q and QP = P (respectively PQ = P and QP = Q).
Corollary 2.2. [6] If two idempotents K and L satisfy KA= LA, AK =AL, then K = L. In
particular, given two idempotents P and Q in A, there exists at most one idempotent K in A
that satisfies both conditions PA= KA, AQ =AK .
Let P and Q be idempotents in A. When an idempotent K satisfying both conditions PA=
KA, AQ =AK does exist, we will denote it by K(P,Q).
If P is an idempotents inA, set P˜ (U) = PU for U ∈A. Then PA=R(P˜ ), and an immediate
verification shows that A(P ) =N (P˜ ). In the case A = B(H), where H is a Hilbert space, or
more generally A = B(X), where X is a Banach space, the condition PA = KA is equivalent
to the condition R(P ) = R(K), and the condition AQ = AK is equivalent to the condition
N(Q) = N(K) (assuming that K , P and Q are idempotents of A). So in this situation the
idempotent K(P,Q), when it exists, is characterized by the conditions R(K(P,Q)) = R(P ),
N(K(P,Q)) = N(Q).
The following result, known as Kovarik’s formula, was first stated by Kovarik in [7] in the
special case where A= B(H) (in which case, as noticed above, the conditions PA= KA and
AK =AQ take the form R(P ) = R(K) and N(K) = N(Q)).
Proposition 2.3. [7] Let P,Q ∈A. Then if P +Q− I is invertible, the formula
K(P,Q) := P(P +Q− I )−2K
defines the only idempotent K(P,Q) ∈A such that PA= K(P,Q)A, AQ =AK(P,Q).
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statements hold.
(i) P(P +Q− I ) = PQ = (P +Q− I )Q, Q(P +Q− I ) = QP = (P +Q− I )P ;
(ii) (P +Q− I )−1P = Q(P +Q− I )−1, P(P +Q− I )−1 = (P +Q− I )−1Q;
(iii) P(P +Q− I )2 = PQP = (P +Q− I )2P , Q(P +Q− I )2 = QPQ = (P +Q− I )2Q;
(iv) (P +Q− I )−2P = P(P +Q− I )−2, Q(P +Q− I )−2 = (P +Q− I )−2Q.
Proof. It is obvious, so omitted. 
The following result provides a simplification of the Kovarik formula.
Theorem 2.5. Let P,Q be idempotents in A. If P +Q− I is invertible, define K1(P,Q) by
K1(P,Q) = P(P +Q− I )−1Q,
then K1(P,Q) is also an idempotent. Moreover, K1(P,Q)A= PA,AK1(P,Q) =AQ, so that
K1(P,Q) = K(P,Q).
Proof. By the assumption that P +Q− I is invertible, using Lemma 2.4, we have
K1(P,Q) = P(P +Q− I )−1Q = P(P +Q− I )−1 = (P +Q− I )−1Q.
Obviously,
PK1(P,Q) = K1(P,Q), K1(P,Q)P = P
and
K1(P,Q)Q = K1(P,Q), QK1(P,Q) = Q,
so from Lemma 2.1, we see that K1(P,Q)A= PA, AK1(P,Q) =AQ. Moreover, noting that
K21 (P,Q) = P(P +Q− I )−1QP(P +Q− I )−1Q
= P(P +Q− I )−1Q(P +Q− I )(P +Q− I )−1Q
= P(P +Q− I )−1Q = K1(P,Q),
so K1 is an idempotent.
Therefore, from Corollary 2.2, K1(P,Q) = K(P,Q). 
Definition 2.6. Let P,Q be idempotents in A. If P +Q− I is invertible, define Kn(P,Q) by
Kn(P,Q) = P(P +Q− I )−nQ
for n ∈ Z+. The Kn(P,Q) are said to be generalized Kovarik elements.
Theorem 2.7. Let P,Q be idempotents in A. If P + Q − I is an invertible element in A, then
the following statements hold.
(1) K2n+1(P,Q) = K2(n+1)(P ,Q), n ∈ Z+ ∪ {0};
(2) PA= Kn(P,Q)A and AQ =AKn(P,Q) for any positive integer n 1.
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K2n+1(P,Q) = P(P +Q− I )−2n−1Q
= (P +Q− I )−2nP (P +Q− I )−1Q
= (P +Q− I )−2nK1(P,Q)
and
K2(n+1)(P ,Q) = P(P +Q− I )−2(n+1)Q
= (P +Q− I )−2(n+1)PQ
= (P +Q− I )−2(n+1)(P +Q− I )Q
= (P +Q− I )−2n−1Q
= (P +Q− I )−2n(P +Q− I )−1Q
= (P +Q− I )−2nK1(P,Q),
and so K2n+1(P,Q) = K2(n+1)(P ,Q).
Similarly, we also have
K2n+1(P,Q) = K1(P,Q)(P +Q− I )−2n = K2(n+1)(P ,Q).
Observing that K1(P,Q)A = PA and AK1(P,Q) =AQ from Theorem 2.5 and Lemma 2.4,
we see that PA= Kn(P,Q)A and AQ =AKn(P,Q) for any positive integer n 1. 
Remark 2.8.
(1) If A = B(H), then the statement (2) in Theorem 2.7 is equivalent to that R(P ) =
R(Kn(P,Q)) and N (Q) =N (Kn(P,Q)).
(2) It follows from condition (2) in Theorem 2.7 that if n 1, then Kn(P,Q) is an idempotent
if and only if Kn(P,Q) = K1(P,Q). We have the following simple characterization of pairs
P , Q of idempotents for which this equality holds for every n 1.
Theorem 2.9. Let P , Q be idempotents in a Banach algebra A. If P +Q− I is invertible in A,
then the following conditions are equivalent.
(i) Kn(P,Q) = K1(P,Q) for every positive integer n 1;
(ii) PQP = P , QPQ = Q;
(iii) PQP = P , (I − P)QPQ(I − P) = (I − P)Q(I − P).
Proof. (i) ⇒ (ii): According to Theorem 2.7, we see that K2n+1(P,Q) = K2(n+1)(P ,Q) for
any n ∈ Z+ ∪ {0}. Then for every positive integer n  1, Kn(P,Q) = K1(P,Q) implies that
K2n(P,Q) = K2n+1(P,Q). In fact, using Lemma 2.4, we have
K2n(P,Q) = P(P +Q− I )−2nQ
= PQ(P +Q− I )−2n
and
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= P(P +Q− I )−1(P +Q− I )−2nQ
= P(P +Q− I )−1Q(P +Q− I )−2n
= P(P +Q− I )−1(P +Q− I )−2n
= P(P +Q− I )−2n−1.
So PQ(P +Q− I ) = P , that is, PQP = P . Similarly, we also have QPQ = Q.
(ii) ⇒ (i): According to the discussion above and by the assumption that PQP = P , we have
K2n(P,Q) = PQ(P +Q− I )−2n
= P(P +Q− I )(P +Q− I )−2n
= P(P +Q− I )−2n+1,
K2n+1(P,Q) = P(P +Q− I )−2n−1
= PQP(P +Q− I )−2n−1
= P(P +Q− I )2(P +Q− I )−2n−1
= P(P +Q− I )−2n+1,
for every positive integer n  1. Clearly, K2n(P,Q) = K2n+1(P,Q). Then from Theorem 2.7,
it is easy to see that Kn(P,Q) = K1(P,Q) for every positive integer n 1.
(ii) ⇒ (iii): It follows easily from the condition QPQ = Q that (I − P)QPQ(I − P) =
(I − P)Q(I − P).
(iii) ⇒ (ii): Observing that PQP = P is a part of the assumption, it is enough to show that
QPQ = Q. Since
(I − P)(QPQ−Q)(I − P) = (QPQ −Q− PQPQ+ PQ)(I − P)
= (QPQ −Q− PQ+ PQ)(I − P)
= (QPQ −Q)(I − P)
= QPQ −Q−QPQP +QP
= QPQ −Q−QP +QP
= QPQ −Q
and the assumption that (I − P)QPQ(I − P) = (I − P)Q(I − P), so QPQ = Q. 
For P,Q ∈ B(H), there are some further properties.
Lemma 2.10. (See [2].) Let A ∈ B(H) be invertible and A˜ = (A B
C D
) ∈ B(H ⊕K), where H and
K are Hilbert spaces. Then A˜ is invertible if and only if D −CA−1B is invertible.
Proposition 2.11. In Theorem 2.9, if P,Q are two idempotents on a Hilbert space, then P and
Q can be written in the forms
P =
(
I P1
0 0
)
, Q =
(
I −P1
0 0
)(
I Q12
Q21 Q21Q12
)(
I P1
0 0
)
with respect to the orthogonal decomposition H=R(P )⊕R(P )⊥, where Q12Q21 = 0.
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form
P =
(
I P1
0 0
)
with respect to the orthogonal decomposition H=R(P )⊕R(P )⊥.
Set
P˜ =
(
I P1
0 I
)(
I P1
0 0
)(
I −P1
0 I
)
=
(
I 0
0 0
)
and
Q˜ =
(
I P1
0 I
)
Q
(
I −P1
0 I
)
=
(
Q11 Q12
Q21 Q22
)
with respect to the orthogonal decompositionH=R(P )⊕R(P )⊥. Since ( I −P10 I
)
is the inverse
of
(
I P1
0 I
)
, Q˜ is an idempotent and, obviously, P˜ is an orthogonal projection.
From the condition (ii) in Theorem 2.9 that PQP = P , QPQ = Q, it is easy to get that
P˜ Q˜P˜ = P˜ , Q˜P˜ Q˜ = Q˜. If P˜ Q˜P˜ = P˜ , then(
I 0
0 0
)(
Q11 Q12
Q21 Q22
)(
I 0
0 0
)
=
(
I 0
0 0
)
.
Direct calculations show that Q11 = I , so Q˜ =
( I Q12
Q21 Q22
)
with respect to the orthogonal decom-
position H=R(P )⊕R(P )⊥. Similarly, according to the equation that Q˜P˜ Q˜ = Q˜, we have
Q21Q22 = Q22. (2)
Meantime, we see that Q˜ is an idempotent, that is, Q˜2 = Q˜, so⎧⎪⎪⎨
⎪⎪⎩
I +Q12Q21 = I,
Q12 +Q12Q22 = Q12,
Q21 +Q22Q21 = Q21,
Q21Q12 +Q222 = Q22.
(3)
From the formulas above, we get that
Q12Q21 = 0,
that is,
Q˜ =
(
I Q12
Q21 Q21Q12
)
with Q12Q21 = 0, therefore
Q =
(
I −P1
0 0
)(
I Q12
Q21 Q21Q12
)(
I P1
0 0
)
with Q12Q21 = 0. 
Remark 2.12. Notice that the equivalent conditions of Theorem 2.9 do not imply that P and Q
are equal.
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P =
(
I 0
0 0
)
, Q =
(
I 0
Q21 0
)
,
respectively. Then
P +Q− I =
(
I 0
Q21 −I
)
,
which is invertible by Lemma 2.10, and by direct calculations, we also get
(P +Q− I )−(2n+1) = (P +Q− I )−1 =
(
I 0
Q21 −I
)
and
(P +Q− I )−2n = (P +Q− I )−2 =
(
I 0
0 I
)
,
so
K2n+1(P,Q) = K1(P,Q) = P(P +Q− I )−1Q
=
(
I 0
0 0
)(
I 0
Q21 −I
)(
I 0
Q21 0
)
=
(
I 0
0 0
)
and
K2n(P,Q) = K2(P,Q) = P(P +Q− I )−2Q
=
(
I 0
0 0
)(
I 0
0 I
)(
I 0
Q21 0
)
=
(
I 0
0 0
)
,
that is, for all n ∈ N, Kn(P,Q) = K1(P,Q) is an idempotent such that R(Kn(P,Q)) =R(P ),
N (Kn(P,Q)) =N (Q). 
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